


Special Notations 
The following is a list of the special notations used in this text, arranged in order of their 
first appearance in the text. Numbers refer to the pages where the notations are defined. 
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set with a as its only element, 1 
x is an element of the set A, 2 
x is not an element of the set A, 2 
A is a subset of B, 2 
A is a proper subset of B, 3 

union of A and B, 3 

intersection of A and B, 3 

empty set, 4 
power set of A, 4 
universal set, 5 
complement of B in A, 5 
complement of A, 5 
set of all integers, 6 
set of all positive integers, 6 
set of all rational numbers, 6 
set of all real numbers, 6 
set of all positive real numbers, 6 
set of all complex numbers, 6 
"implies," 8 

"is implied by," 8 

"if and only if," 9 
sum of subsets A and B, 13 
Cartesian product of A and B, 13 
image of the element a under f, 14 
fis a mapping from A toB, 14 
image of the set S under f, 15 
inverse image of the set Tunderf, 15 
set of all even integers, 18 
composition mapping, 20 
set of all permutations on A, 38 

set of all mappings from A to A, 38 

identity mapping from A to A, 38 

inverse of a mapping, 42 
matrix with m rows, n columns, and elements %• 44
set of all m X n matrices over S, 45 
set of all square matrices of order n over S, 45 

sigma notation, 49 

identity matrix of order n, 51 
Kronecker delta, 51 
multiplicative inverse of the matrix A, 52 
element a has the relation R to element b, 57 
equivalence class containing a, 59 

union of the collection of sets AA, 60 
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intersection of the collection of sets AA, 60 

a divides b, a does not divide b, 84 
greatest common divisor of a and b, 91 
least common multiple of a and b, 96 
x is congruent to y modulo n, 99 
congruence classes modulo n, 101 
set of congruence classes modulo n, 111 
remainder when a is divided by n, 129 
order of the group G, 145 
general linear group of degree n over R, 147 
center of the group G, 164 
centralizer of the element a in G, 165 
subgroup generated by the element a, 165 
special linear group of order 2 over R, 168 
order of the element a, 174 
group of units in Zm 175 
kernel of cf>, 194 
symmetric group on n elements, 200 
cycle, 200 
alternating group on n elements, 207 
stabilizer of a, 212 
dihedral group of order n, 218 
product of subsets of a group, 223 
left coset of H, right coset of H, 225 
index of H in G, 227 
subgroup generated by the subset A, 234 
normalizer of the subgroup H, 237 
congruence modulo the subgroup H, 237 
quotient group or factor group, 239 
internal direct product, 246 
external direct product, 246 
sum of subgroups of an abelian group, 247 
direct sum of subgroups of an abelian group, 248 
set of elements of G with order a power of p, 255 
set of positive elements in D, 293 
order relation in an integral domain, 293 
principal ideal generated by a, 304 
ideal generated by a1, a2, • • •  , a1u 305 
quotient ring, 306 
sum of two ideals, 308 
product of two ideals, 309 
least upper bound, 333 
conjugate of the complex number z, 344 
ring of polynomials in x over R, 361 
f(x) divides g(x),f(x) does not divide g(x), 373 
discriminant of f(x) = (x - c1)(x - c2)(x - c3 ) , 411 
principal ideal generated by p(x), 415 
simple algebraic extension of F, 422 
universal quantifier, 429 
existential quantifier, 429 
"such that," 429 
negation of p, 431 
conjuction, 432 
disjunction, 432 
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=Preface 

viii 

As the earlier editions were, this book is intended as a text for an introductory course in 

algebraic structures (groups, rings, fields, and so forth). Such a course is often used to 

bridge the gap from manipulative to theoretical mathematics and to help prepare secondary 

mathematics teachers for their careers. 

A minimal amount of mathematical maturity is assumed in the text; a major goal is to 

develop mathematical maturity. The material is presented in a theorem-proof format, with 

definitions and major results easily located, thanks to a user-friendly format. The treatment 

is rigorous and self-contained, in keeping with the objectives of training the student in the 

techniques of algebra and providing a bridge to higher-level mathematical courses. 

Groups appear in the text before rings. The standard topics in elementary group theory 

are included, and the last two sections in Chapter 4 provide an optional sample of more 

advanced work in finite abelian groups. 

The treatment of the set Zn of congruence classes modulo n is a unique and popular 

feature of this text, in that it threads throughout most of the book. The first contact with Zn 

is early in Chapter 2, where it appears as a set of equivalence classes. Binary operations of 

addition and multiplication are defined in Zn at a later point in that chapter. Both the ad­

ditive and multiplicative structures are drawn upon for examples in Chapters 3 and 4. The 

development of Zn continues in Chapter 5, where it appears in its familiar context as a ring. 

This development culminates in Chapter 6 with the final description of Zn as a quotient 

ring of the integers by the principal ideal (n). Later, in Chapter 8, the use of Zn as a ring 

over which polynomials are defined, provides some interesting results. 

Some flexibility is provided by including more material than would normally be taught 

in one course, and a dependency diagram of the chapters/sections (Figure P.1) is included 

at the end of this preface. Several sections are marked "optional" and may be skipped by 

instructors who prefer to spend more time on later topics. 

Several users of the text have inquired as to what material the authors themselves 

teach in their courses. Our basic goal in a single course has always been to reach the end of 

Section 5.3 "The Field of Quotients of an Integral Domain," omitting the last two sections 

of Chapter 4 along the way. Other optional sections could also be omitted if class meetings 

are in short supply. The sections on applications naturally lend themselves well to outside 

student projects involving additional writing and research. 

For the most part, the problems in an exercise set are arranged in order of difficulty, 

with easier problems first, but exceptions to this arrangement occur if it violates logical 

order. If one problem is needed or useful in another problem, the more basic problem 

appears first. When teaching from this text, we use a ground rule that any previous re­

sult, including prior exercises, may be used in constructing a proof. Whether to adopt this 

ground rule is, of course, completely optional. 
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Preface ix 

Some users have indicated that they omit Chapter 7 (Real and Complex Numbers) 

because their students are already familiar with it. Others cover Chapter 8 (Polynomials) be­

fore Chapter 7. These and other options are diagrammed in Figure P .1 at the end of this preface. 

The following user-friendly features are retained from the seventh edition: 

• Descriptive labels and titles are placed on definitions and theorems to indicate their 

content and relevance. 

• Strategy boxes that give guidance and explanation about techniques of proof are 

included. This feature forms a component of the bridge that enables students to become 

more proficient in constructing proofs. 

• Marginal labels and symbolic notes such as Existence, Uniqueness, Induction, 

"(p /\ q) � r" and "f'Vp <= (f'Vq /\ f'Vr)" are used to help students analyze the logic in 

the proofs of theorems without interrupting the natural flow of the proof. 

• A reference system provides guideposts to continuations and interconnections 

of exercises throughout the text. For example, consider Exercise 14 in Section 4.4. 

The marginal notation "Sec. 3.3, #11 �,, indicates that Exercise 14 of Section 4.4 

is connected to Exercise 11 in the earlier Section 3.3. The marginal notation "Sec. 4.8
, 

#7 �"indicates that Exercise 14 of Section 4.4 has a continuation in Exercise 7 of Sec­

tion 4.8. Instructors, as well as students, have found this system useful in anticipating 

which exercises are needed or helpful in later sections/chapters. 

• An appendix on the basics of logic and methods of proof is included. 

• A biographical sketch of a great mathematician whose contributions are relevant to 

that material concludes each chapter. 

• A gradual introduction and development of concepts is used, proceeding from the 

simplest structures to the more complex. 

• Repeated exposure to topics occurs, whenever possible, to reinforce concepts and 

enhance learning. 

• An abundance of examples that are designed to develop the student's intuition are 

included. 

• Enough exercises to allow instructors to make different assignments of approximately 

the same difficulty are included. 

• Exercise sets are designed to develop the student's maturity and ability to construct 

proofs. They contain many problems that are elementary or of a computational nature. 

• True/False statements that encourage the students to thoroughly understand the 

statements of definitions and the results of theorems are placed at the beginning of the 

exercise sets. 

• A summary of key words and phrases is included at the end of each chapter. 

• A list of special notations used in the book appears on the front endpapers. 

• Group tables for the most common examples are on the back endpapers. 

• An updated bibliography is included. 
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x Preface 

I am very grateful to the reviewers for their thoughtful suggestions and have 

incorporated many in this edition. The most notable include the following: 

• Alerts that draw attention to counterexamples, special cases, proper symbol or 

terminology usage, and common misconceptions. Frequently these alerts lead to True/ 

False statements in the exercises that further reinforce the precision required in math­

ematical communication. 

• More emphasis placed on special groups such as the general linear and special linear 

groups, the dihedral groups, and the group of units. 

• Moving some definitions from the exercises to the sections for greater emphasis. 

• Using marginal notes to outline the steps of the induction arguments required in the 

examples. 

• Adding over 200 new exercises, both theoretical and computational in nature. 

• Minor rewriting throughout, including many new examples. 
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CHAPTER 0 N E 

Fundamentals 

• Introduction 

This chapter presents the fundamental concepts of set, mapping, binary operation, and relation. It also 

contains a section on matrices, which will serve as a basis for examples and exercises from time to 

time in the remainder of the text. Much of the material in this chapter may be familiar from earlier 

courses. If that is the case, appropriate omissions can be made to expedite the study of later topics. 

� Sets 

Abstract algebra had its beginnings in attempts to address mathematical problems such as 

the solution of polynomial equations by radicals and geometric constructions with straight­

edge and compass. From the solutions of specific problems, general techniques evolved 

that could be used to solve problems of the same type, and treatments were generalized to 

deal with whole classes of problems rather than individual ones. 

In our study of abstract algebra, we shall make use of our knowledge of the various 

number systems. At the same time, in many cases we wish to examine how certain proper­

ties are consequences of other, known properties. This sort of examination deepens our 

understanding of the system. As we proceed, we shall be careful to distinguish between the 

properties we have assumed and made available for use and those that must be deduced 

from these properties. We must accept without definition some terms that are basic objects 

in our mathematical systems. Initial assumptions about each system are formulated using 

these undefined terms. 

One such undefined term is set. We think of a set as a collection of objects about which 

it is possible to determine whether or not a particular object is a member of the set. Sets are 

usually denoted by capital letters and are sometimes described by a list of their elements, 

as illustrated in the following examples. 

Example 1 We write 

A = { 0, 1, 2, 3} 

to indicate that the set A contains the elements 0, 1, 2, 3, and no other elements. The nota­

tion {O, 1, 2, 3} is read as "the set with elements 0, 1, 2, and 3." • 

1 
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2 Chapter 1 Fundamentals 

Example 2 The set B, consisting of all the nonnegative integers, is written as 

B = {O, 1, 2, 3, ... }. 

The three dots ... , called an ellipsis, mean that the pattern established before the dots 

continues indefinitely. The notation {O, 1, 2, 3, ... } is read as "the set with elements 0, 1, 
2, 3, and so on." • 

As in Examples 1 and 2, it is customary to avoid repetition when listing the elements 

of a set. Another way of describing sets is called set-builder notation. Set-builder notation 

uses braces to enclose a property that is the qualification for membership in the set. 

Example 3 The set B in Example 2 can be described using set-builder notation as 

B = {xix is a nonnegative integer}. 

The vertical slash is shorthand for "such that," and we read "B is the set of all x such that x 
is a nonnegative integer." • 

There is also a shorthand notation for "is an element of." We write "x EA" to mean 

"x is an element of the set A." We write "x ti. A" to mean "x is not an element of the set A." 
For the set A in Example 1, we can write 

2 EA and 7 $.A. 

Definition 1.1 • Subset 

Let A and B be sets. Then A is called a subset of B if and only if every element of A is an ele­

ment of B. Either the notation A � B or the notation B 2 A indicates that A is a subset of B. 

The notation A� B is read as "A is a subset of B" or "A is contained in B." Also, B 2 A 
is read as "B contains A." The symbol E is reserved for elements, whereas the symbol� 

ALERT is reserved for subsets. 

Example 4 We write 

However, 

a E {a, b, c, d} or {a}� {a, b, c, d}. 

a� {a, b, c, d} and {a} E {a, b, c, d} 

are both incorrect uses of set notation. 

Definition 1.2 • Equality of Sets 

Two sets are equal if and only if they contain exactly the same elements. 

• 

The sets A and B are equal, and we write A = B, if each member of A is also a member 

of B and if each member of B is also a member of A. 
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1.1 Sets 3 

Strategy • Typically, a proof that two sets are equal is presented in two parts. The first shows that 
A � B, the second that B � A. We then conclude that A = B. On the other hand, to prove 
that A -=F B, one method that can be used is to exhibit an element that is in either set A or 
set B but is not in both. 

We illustrate this strategy in the next example. 

Example 5 Suppose A = {1, 1 }, B = { -1, 1 }, and C = {1 }. Now A = C since 
A� C andA 2 C, whereas A -=F B since -1 EB but -1 fl. A. • 

Definition 1.3 • Proper Subset 

If A and Bare sets, then A is a proper subset of B if and only if A �B and A =I= B. 

We sometimes write A c B to denote that A is a proper subset of B. 

Example 6 The following statements illustrate the notation for proper subsets and 
equality of sets. 

{1, 2, 4} c {1, 2, 3, 4, 5} {a, c} = {c, a} • 

There are two basic operations, union and intersection, that are used to combine sets. 
These operations are defined as follows. 

Definition 1.4 • Union, Intersection 

If A and Bare sets, the union of A and B is the set A U B (read "A union B"), given by 

AU B = {xix EA or x EB}. 

The intersection of A and B is the set A n B (read "A intersection B"), given by 

An B = {xix EA andx EB}. 

The union of two sets A and B is the set whose elements are either in A or in B or are 
in both A and B. The intersection of sets A and B is the set of those elements common to 
both A and B. 

Example 7 Suppose A = {2, 4, 6}  and B = {4, 5, 6, 7}. Then 

A UB = {2, 4, 5, 6, 7} 
and 

An B = {4, 6}. • 

The operations of union and intersection of two sets have some properties that are 
analagous to properties of addition and multiplication of numbers. 
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4 Chapter 1 Fundamentals 

Example 8 It is easy to see that for any sets A and B, AU B =BU A: 

A U B = {x Ix E A or x E B} 

= {x Ix E B or x E A} 

=BUA. 

Because of the fact that A U B = B U A, we say that the operation union has the commu­
tative property. It is just as easy to show that A n B = B n A, and we say also that the 
operation intersection has the commutative property. • 

It is easy to find sets that have no elements at all in common. For example, the sets 

A= {l, -1} and B = {0, 2, 3} 

have no elements in common. Hence, there are no elements in their intersection, An B, 
and we say that the intersection is empty. Thus it is logical to introduce the empty set. 

Definition 1.5 • Empty Set, Disjoint Sets 

The empty set is the set that has no elements, and the empty set is denoted by 0 or { } . 
Two sets A and B are called disjoint if and only if A n B = 0. 

The sets {1, -1} and {O, 2, 3} are disjoint, since 

{ 1, -1} n { o, 2, 3} = 0. 

There is only one empty set 0, and 0 is a subset of every set. 

Strategy • To show thatA is not a subset of B, we must find an element in A that is not in B. 

That the empty set 0 is a subset of any set A follows from the fact that a E 0 is always 
false. Thus 

a E 0 implies a E A 

must be true. (See the truth table in Figure A.4 of the appendix.) 
For a set A with n elements (n a nonnegative integer), we can write out all the subsets 

of A. For example, if 

then the subsets of A are 

Definition 1.6 • Power Set 

A= {a, b, c}, 

0, {a}, { b}, { c}, {a, b}, {a, c}, { b, c}, A. 

For any set A, the power set of A, denoted by 0J>(A), is the set of all subsets of A and is written 

0P(A) = {XIX� A}. 
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1.1 Sets 5 

Example 9 For A = {a, b, c}, the power set of A is 

gi(A) = {0, {a}, {b}, {c}, {a,b}, {a,c}, {b,c},A}. • 

It is often helpful to draw a picture or diagram of the sets under discussion. When we 

do this, we assume that all the sets we are dealing with, along with all possible unions and 

intersections of those sets, are subsets of some universal set, denoted by U. In Figure 1.1, 

we let two overlapping circles represent the two sets A and B. The sets A and B are subsets 

of the universal set U, represented by the rectangle. Hence the circles are contained in the 

rectangle. The intersection of A and B, An B, is the crosshatched region where the two 

circles overlap. This type of pictorial representation is called a Venn diagram. 

�:A 
�:B 

•Figure 1.1 �:An B 

u 

Another special subset is defined next. 

Definition 1.7 • Complement 

For arbitrary subsets A and B of the universal set U, the complement of B in A is 

A - B = {x E Vix EA and x $ B} . 

The special notation A' is reserved for a particular complement, U -A: 

A'= U-A = {xE Vix ti.A}. 

We read A' simply as "the complement of A" rather than as "the complement of A in U." 

Example 10 Let 

U = {xix is an integer} 
A = {xix is an even integer} 
B = {xix is a positive integer} . 
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6 Chapter 1 Fundamentals 

•Figure 1.2 

Then 

B - A = {xix is a positive odd integer} 
= {1, 3, 5, 7, ... } 

A - B = {xix is a nonpositive even integer} 
= {O, -2, -4, -6, ... } 

A' = {xix is an odd integer} 
= { ... ' -3, -1, 1, 3, ... } 

B' = {xix is a nonpositive integer} 

= {O, -1, -2, -3, ... }. • 

Example 11 The overlapping circles representing the sets A and B separate the interior of 

the rectangle representing U into four regions, labeled 1, 2, 3, and 4, in the Venn diagram in 

Figure 1.2. Each region represents a particular subset of U. 

u 

"' 
c: 

Region 1: B-A ·� 
-3 Region 2: AnB "' 

4 � Region 3: A-B 
'-' 

Region 4: (A UB)' • @ 

Many of the examples and exercises in this book involve familiar systems of numbers, 

and we adopt the following standard notations for some of these systems: 

Z denotes the set of all integers. 

z+ denotes the set of all positive integers. 

Q denotes the set of all rational numbers. 

R denotes the set of all real numbers. 

R+ denotes the set of all positive real numbers. 

C denotes the set of all complex numbers. 

We recall that a complex number is defined as a number of the form a + bi, where a and 

b are real numbers and i = v=T. Also, a real number x is rational if and only if x can be 

written as a quotient of integers that has a nonzero denominator. That is, 

Q = {: I m E Z, n E Z, and n * 0}. 
The relationships that some of the number systems have to each other are indicated by 

the Venn diagram in Figure 1.3. 
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•Figure 1.3 

"' 
c:: 

·c: 

� 
:g, 
"' 

� 
u 

�������������� @ 

z+ cZcQ cRc c 

1.1 Sets 7 

Our work in this book usually assumes a knowledge of the various number systems 
that would be familiar from a precalculus or college algebra course. Some exceptions 
occur when we wish to examine how certain properties are consequences of other prop­
erties in a particular system. Exceptions of this kind occur with the integers in Chapter 2 
and the complex numbers in Chapter 7, and these exceptions are clearly indicated when 
they occur. 

The operations of union and intersection can be applied repeatedly. For instance, we 
might form the intersection of A and B, obtaining An B, and then form the intersection of 
this set with a third set C: (A n B) n C. 

Example 12 The sets (An B) n c andA n (B n C) are equal, since 

(An B) n C = {xix EA andx EB} n C 
= {x Ix E A and x E B and x E C} 
=An {xix EB andx EC} 
=An (B n C). 

In analogy with the associative property 

(x + y) + z = x + (y + z) 

for addition of numbers, we say that the operation of intersection is associative. When we 
work with numbers, we drop the parentheses for convenience and write 

x + y + z = x + (y + z) = (x + y) + z. 

Similarly, for sets A, B, and C, we write 

An B n c =An (B n C) =(An B) n c. • 

Just as simply, we can show (see Exercise 18 in this section) that the union of sets is 
an associative operation. We write 

AU BU C =AU (BU C) =(AU B) UC. 
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8 Chapter 1 Fundamentals 

Example 13 A separation of a nonempty set A into mutually disjoint nonempty subsets 
is called a partition of the set A. If 

A = {a,b,c,d,e,f}, 

then one partition of A is 

X1 = {a,d}, X2 = {b,c,f}, X3 = {e}, 

smce 

withX1 -=I= 0,X2 -=I= 0,X3 -=I= 0, and 

X1 nx2 = 0, 

The concept of a partition is fundamental to many of the topics encountered later in this 
book. • 

The operations of intersection, union, and forming complements can be combined 
in all sorts of ways, and several nice equalities that relate some of these results can be 
obtained. For example, it can be shown that 

A n (B u C) = (A n B) u (A n C) 

and that 

Au (B n C) = (Au B) n (Au C). 

Because of the resemblance between these equations and the familiar distributive property 
x(y + z) = xy + xz for numbers, we call these equations distributive properties. 

We shall prove the first of these distributive properties in the next example and 
leave the last one as an exercise. To prove the first, we shall show that A n (B U C) � 
(A n B) U (A n C) and that (A n B) U (A n C) �A n (B U C). This illustrates the point 
made earlier in the discussion of equality of sets, highlighted in the strategy box, after 
Definition 1.2. 

The symbol=> is shorthand for "implies," and¢:::: is shorthand for "is implied by." We 
use them in the next example. 

Example 14 To prove 

An (Bu C) = (An B) u (An C), 

we first let x E A n (B U C). Now 

x E A n (B U C) => x E A and x E (B U C) 
==? x E A, and x E B or x E C 
==? x E A and x E B, or x E A and x E C 
==? x E A n B, or x E A n C 
==? x E (An B) u (An C). 
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Thus A n (B u C) � (A n B) u (A n C). 
Conversely, suppose x E (An B) U (An C). Then 

x E (An B) U (An C) => x EA n B, or x EA n C 

1.1 Sets 9 

=> x E A and x E B, or x E A and x E C 

=> x E A, and x E B or x E C 

=> x E A and x E (B U C) 

=> x EA n (BU C). 

Therefore, (A n B) U (A n C) �A n (B U C), and we have shown that A n (B U C) = 
(A n B) u (A n C). 

It should be evident that the second part of the proof can be obtained from the first 
simply by reversing the steps. That is, when each=> is replaced by<=, a valid implication 
results. In fact, then, we could obtain a proof of both parts by replacing => with ¢=>, 

where¢:::> is short for "if and only if." Thus 

x E A n (B U C) # x E A and x E (B U C) 

# x E A, and x E B or x E C 

# x E A and x E B, or x E A and x E C 

# x E A n B, or x E A n C 

# x E (An B) u (An C) . • 

Strategy • In proving an equality of sets S and T, we can often use the technique of showing that 
S � T and then check to see whether the steps are reversible. In many cases, the steps are 
indeed reversible, and we obtain the other part of the proof easily. However, this method 
should not obscure the fact that there are still two parts to the argument: S � T and T � S. 

There are some interesting relations between complements and unions or intersec­
tions. For example, it is true that 

(AnB)'=A'UB'. 

This statement is one of two that are known as De Morgan'st Laws. De Morgan's other 
law is the statement that 

(AU B)' =A' n B'. 

Stated somewhat loosely in words, the first law says that the complement of an intersection 
is the union of the individual complements. The second similarly says that the complement 
of a union is the intersection of the individual complements. 

t Augustus De Morgan (1806-1871) coined the term mathematical induction and is responsible for rigorously 
defining the concept. Not only does he have laws of logic bearing his name but also the headquarters of the 
London Mathematical Society and a crater on the moon. 
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10 Chapter 1 Fundamentals 

Exercises 1.1 

True or False 

Label each of the following statements as either true or false. 

1. Two sets are equal if and only if they contain exactly the same elements. 

2. If A is a subset of B and B is a subset of A, then A and B are equal. 

3. The empty set is a subset of every set except itself. 

4. A - A = 0 for all sets A. 

5. AU A =An A for all sets A. 

6. A c A for all sets A. 

7. {a, b} = {b, a} 

8. {a, b} = {b, a, b} 

9. A - B = C - B implies A = C, for all sets A, B, and C. 

10. A - B = A - C implies B = C, for all sets A, B, and C. 

Exercises 

1. For each set A, describe A by indicating a property that is a qualification for membership 

in A. 

a. A= {0,2,4,6,8, 10} b.A={l,-1} 

c. A = { -1, -2, -3, ... } d. A = { 1, 4, 9, 16, 25, ... } 

2. Decide whether or not each statement is true for A = { 2, 7, 11 } and B = { 1, 2, 9, 10, 11 } . 

a. 2 � A b. { 11, 2, 7} � A 

c. 2 =A n B d. {7, 11} EA 

e. A �B f. {7, 11, 2} = A 

3. Decide whether or not each statement is true. 

a. a E {a, {a}} 

c. {a}� {a, {a}} 

e. 0�A 

g. 0 E {0} 

i. {0} � 0 

k. 0E0 

b. {a} E {a, {a} } 

d. { {a} } � {a, {a } } 

f. 0 E0 

h. 0 � {0} 

j. {0} = 0 

I. 0�0 

4. Decide whether or not each of the following is true for all sets A, B, and C. 

a. B U A �A b. B n A � A U B 

c. A �AU B 

e. A nA' = 0 

g. A n (B u C) = A u (B n C) 

d. AU B �An B 

f. A n0 =A U0 

h. A U (B' n C') = A U (B U C)' 
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1.1 Sets 11 

i. A u (B n C) = (A u B) n c j. (A n B) u c = A n (B u C) 

k. A u (B n C) = (A n C) u (B n C) I. A n (B u C) = (A u B) n (A u C) 

5. Evaluate each of the following sets, where 

U = {O, 1, 2, 3, ... , 10} 

A= {O, 1, 2, 3, 4, 5} 

B = {0, 2, 4, 6, 8, 10} 

C={2, 3, 5, 7}. 

a. AUB b. An C c. A'UB 

d. Ansn c e. A'nBn C f. AU (B n C) 

g. An (BU C) h. (AU B')' i. A -B 

j. B -A k. A -(B - C) I. C -(B -A) 

m. (A -B) n ( C -B) n. (A -B) n (A - C) 

6. Determine whether each of the following is either A, A', U, or 0, where A is an arbi­
trary subset of the universal set U. 

LAnA �AUA 

c. An A' d. AU A' 

e. A U0 f. An 0 

g. An U h. AU U 

i. U U A' j. A -0 

k. 0' I. U' 

m. (A')' n. 0 -A 

7. Write out the power set, 2P(A), for each set A. 

a. A= {a} b. A= {O, 1} 

c. A={a , b , c} 

e. A = { 1, { 1 } } 

g. A= {0} 

d. A = { 1, 2, 3, 4} 

f. A = { { 1}} 

h. A = {0, {0}} 

8. Describe two partitions of each of the following sets. 

a. {xlxis an integer} b. {a,b,c,d} 

c. {l,5,9, 11, 15} d. {xlxis a complex number} 

9. Write out all the different partitions of the given set A. 

a. A = { 1, 2, 3} b. A = { 1, 2, 3, 4} 

10. Suppose the set A has n elements where n E z+. 

a. How many elements does the power set 2P(A) have? 

b. If 0 ::s k ::s n, how many elements of the power set 2P(A) contain exactly k elements? 
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12 Chapter 1 Fundamentals 

11. State the most general conditions on the subsets A and B of U under which the given 
equality holds. 

a. A n B = A b. A U B' = A 

c. AU B =A 

e. An B = U 

g. AU 0 = U 

12. Let Z denote the set of all integers, and let 

d. An B' =A 

f. A' nB' = 0 

h. A' n U = 0 

A= {xix= 3p - 2for somep E Z} 

B ={xix= 3q + 1 for someq E Z}. 

Prove that A = B. 

13. Let Z denote the set of all integers, and let 

C = {xix= 3r - 1 for some r E Z} 

D = {x Ix = 3s + 2 for some s E Z}. 

Prove that C = D. 

In Exercises 14-35, prove each statement. 

14. A nB�A UB 

16. If A � B and B � C, then A � C. 

18. A U (B U C) = (A U B) U C 

20. (A n B)' = A' U B' 

22. An (A' UB) =A nB 

24. A u (A n B) = A n (A u B) 

26. If A �B. thenA n C�B n C. 

28. A n (B -A) = 0 

30. (A U B) -C = (A -C) U (B -C) 

32. U - (A n B) = (U -A) U (U -B) 

34. A � B if and only if A U B = B. 

15. (A')'= A 

17. A� B if and only if B' �A'. 

19. (A U B)' = A' n B' 

21. A u (B n C) = (A u B) n (A u C) 

23. AU (A' nB) =A UB 

25. If A �B. thenA U C�B UC. 

27. B-A = BnA' 

29. A U (B -A) = A U B 

31. (A -B) U (A n B) = A 

33. U - (AU B) = (U -A) n (U -B) 

35. A � B if and only if A n B = A. 

36. Prove or disprove that A U B = A U C implies B = C. 

37. Prove or disprove that A n B = A n C implies B = C. 

38. Prove or disprove that W>(A U B) = W>(A) U W>(B). 

39. Prove or disprove that W>(A n B) = W>(A) n W>(B). 

40. Prove or disprove that W>(A -B) = W>(A) - W>(B). 

41. Express (AU B) - (An B) in terms of unions and intersections that involve A, A', B, 
andB'. 
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1.2 Mappings 13 

42. Let the operation of addition be defined on subsets A and B of U by A + B = 
(AU B) - (An B). Use a Venn diagram with labeled regions to illustrate each of the 
following statements. 

a. A + B = (A - B) U (B - A) 
b. A + (B + C) = (A + B) + C 
c. An (B + C) = (An B) + (An C). 

43. Let the operation of addition be as defined in Exercise 42. Prove each of the following 
statements. 

a. A+ A= 0 b. A+ 0 =A 

�Mappings 
The concept of a function is fundamental to nearly all areas of mathematics. The term 
function is the one most widely used for the concept that we have in mind, but it has be­
come traditional to use the terms mapping and transformation in algebra. It is likely that 
these words are used because they express an intuitive feel for the association between the 
elements involved. The basic idea is that correspondences of a certain type exist between 
the elements of two sets. There is to be a rule of association between the elements of a 
first set and those of a second set. The association is to be such that for each element in 
the first set, there is one and only one associated element in the second set. This rule of 
association leads to a natural pairing of the elements that are to correspond, and then to 
the formal statement in Definition 1.9. 

By an ordered pair of elements we mean a pairing (a, b), where there is to be a distinc­
tion between the pair (a, b) and the pair (b, a), if a and b are different. That is, there is to be 
a first position and a second position such that (a, b) = (c, d) if and only if both a= c and 
b = d. This ordering is altogether different from listing the elements of a set, for there the 
order of listing is of no consequence at all. The sets { 1, 2} and { 2, 1} have exactly the same 

ALERT elements, and { 1, 2} = { 2, 1}. When we speak of ordered pairs, however, we do not con­
sider (1, 2) and (2, 1) equal. With these ideas in mind, we make the following definition. 

Definition 1.8 • Cartesian t Product 

For two nonempty sets A and B, the Cartesian product A X B is the set of all ordered 
pairs (a, b) of elements a E A and b EB. That is, 

A X B = { (a, b) I a E A and b E B}. 

Example 1 If A= {1, 2} andB = {3, 4, 5}, then 

A X B = { ( 1, 3), ( 1, 4), ( 1, 5 ) , ( 2, 3), ( 2, 4), ( 2, 5)}. 

tThe Cartesian product is named for Rene Descartes (1596-1650), who has been called the "Father of Modem 
Philosophy" and the "Father of Modem Mathematics." 
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14 Chapter 1 Fundamentals 

ALERT We observe that the order in which the sets appear is important. In this example, 

BX A= {(3, 1), (3, 2), (4, 1), (4, 2), (5, 1), (5, 2)}, 

so A X B and B X A are quite distinct from each other. • 

We now make our formal definition of a mapping. 

Definition 1.9 • Mapping, Image 

•Figure 1.4 

•Figure 1.5 

Let A and B be nonempty sets. A subset f of A X B is a mapping from A to B if and only 
if for each a EA there is a unique (one and only one) element b EB such that (a, b) E f 
lff is a mapping from A to B and the pair (a, b) belongs tof, we write b = f(a) and call b 
the image of a under f 

Figure 1.4 illustrates the pairing between a andf(a). A mappingf from A to B is the 
same as a function from A to B, and the image of a E A under f is the same as the value of 
the function! at a. Two mappings f from A to B and g from A to B are equal if and only if 

f (x) = g(x) for all x EA. 

A 

a (a,b)Ef 

Example 2 LetA = {-2, 1, 2}, and let B = { 1, 4, 9}. The setf given by 

f = { ( -2, 4)' ( 1, 1)' ( 2, 4)} 

is a mapping from A to B, since for each a EA there is a unique element b E B such that 
(a, b) E f As is frequently the case, this mapping can be efficiently described by giving 
the rule for the image under f In this case,f(a) = a2, a EA. This mapping is illustrated 
in Figure 1.5. 

A 
1 

f(a) = a2,a EA • 

When it is possible to describe a mapping by giving a simple rule for the image of an 
element, it is certainly desirable to do so. We must keep in mind, however, that the set A, 

ALERT the set B, and the rule must all be known before the mapping is determined. Iffis a map­
ping from A to B, we writef: A---+ B or A� B to indicate this. 
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